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ABSTRACT

The infrared absorption of carbon dioxide has been calculate”!
over a wide range of path length, pressure, and temperature from 500
to 10,000 cm~l. The results are presented in extensive tables which

.. glve the transmission over intervals of 5 cm-} and also averaged over

larger intervals. The calculsted data representing the intensity,
position, and number of spectral lines in a given frequency interval
is tabulated in a form which is useful for further transmission cal-
culations. All lines from all isotopic species having an intensity
greater than 10-8 of the strongest line in an absorption region were
included in the calculation. The transmission values were calcuiated
from the quasi-random model which simulates the actual frequency and
intensity distributions of spectral lines better than previous models.
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SECTION 1

INTRODUCTION

The amount of infrared radiation which is transmitted through
the earth's atmosphere is determined largely by the behavior of two
molecules: carbon dioxide and water vapor. In this report a method
is described for the calculation of the spectral transmission of carbor
dioxide over a wide range of infrared frequencies. The results which
were calcllated on high speed digital computers are presented in the
form of extensive tables. A companion report (SSD-TDR-62-127 - Volume II)
presents similar data for water vapor.

The most extensive transmission tables which havi previously
been calculated are those of Ballard, Larmore, and Passman . Their
tables cover a wavelength range from 0.3 to 7.0 1 at intervals of 0.1lpu.
The results are for one temperature (300°K) and one pressure (1 atmosphere).
They assumed that the transmission is given by the Elsasser model. In
particular, they used the error function approximation for the Elsasser
model which is of limited accuracy at the higher pressures and shorter
path lengths., Furthermore, the Elsasser model sometimes provides a poor
representation of the transmission of the carbon dioxide spectrum
mainl; because of the variation in line intensity from one line to the
next. '

Tables of carbon dioxide transmisiion are presentei in this
report for the frequency range from 500 cm™* (20 microns) to 10,000 ceml

13. 8. Ballard, L. Larmore, S. Passman, Fundamentals of Infrared for

Military Application, The Rand Corporation, R-297, March 31, 1956 (C).

2V. R. Stull, P. J. Wyatt and G. N. Plass, Bull. Amer. Phys. Soc. 6,
336 (1961); J. Opt. Soc. Amer. 52, 1209 (1962).
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{(lu) at intervals of 2.5 cm'l for three temperatures {300, 250, 200°K) ,
seven pressures (1.00, 0.50, 0.20, 0.10, 0.005, 0.002, 0.001 atm), and for
fifteedd amounts of COp betwecn 0.2 and 10,000 atm. cm. ' These temperatures
ané pressures cover the range of values which occur in the carth's
atmosphere at altitudes where thermal equilibrium occurs. At higher
altitudes calculations which assume equilibrium are invalid. lowever,
this is not a serious limitation since for most paths almost all of the
absorption of infrared by carbon dioxide occurs below these altitudes.

These calculations were carried out using the quasi-random
mogel which is capable of representing the spectral transmission of
molecular gases quite accurately. A detailed description of this model
is given in SSD-TRD-62-127 - Volume II.

In Section 2 the molecular striacture of COp is described to-
gether with the rotational and vibrationgl motions. The inteasities
and frequencies of the spectral lines are described. In Section 2 tke
details of the calculation of the transmission tables are described.

1-2
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SECTION 2

MOLECU: R STRUCTURE OF CARBON DIOXIDE

2.1 VIBRATIONAL ANALYSIS

Carbon dioxide is a linear triatomic molecule whose vibra-
tional energy levels are given by

G(v),Vy,Vqil) = Z wy (vy+4d)) + Z z X3 Cvytad ) (v Hed )
i=1 j=2i

3 (1)
+ E: }d Yijk(vi+%di)(vj+%dj)(vk+%dk) + ... + 8y, £
i=1 j21 k=2

where v 3Vys Vg are the vibrational quantum numbers, d, are the
vibrationaf degenetacy indices which for triatomic linear molecules
have the values d) = dy = 1, dp = 2, /£ 1is the quantum number repre-
senting the angular momentum associated with the degenerate vibraticnal
mode about the symmetry axis of the molecule and can assume the values
v2, v2-2, v2 - 4, ...,1 or 0 depending on whether v is odd or even.

The coefficients w,, xj Yi k* 822 can be expressed in terms of the
potential constants for ghe molecule. However, they are usually
determined directly by fitting Eq. (1) to a series of measurements

of vibrational energy levels.

3G. Herzberg, Infrared and Raman Spectra, D. Van Nostrand Co., Inc.,

Princeton, 1945,
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For lower order energy levels (small .values of Vv sVyeY ),
it is usually sufficient to retain terms to second order in vj ig

Eq. (1) in order to determine the energy accurately. However,
Courtoy# has shown that the inclusion of third order terms in Eq. (1)
determines the vibrational energy to within 1 em™l for nearly all
values of the quantum numbers v; which are of interest. The best
values of the vibrational constants as determined by Couttoy4 are given
in Table I.

The vibrational constants are in general different for each
isotopic species. The constantsg given in Table I for symmetric isotopic
species such as C130}6 and 0120; were determined from those for 012056
by means of these relationships given, for example, by Herzbetg:3

—1 -“-‘LQL.— = 0 . (2)
tul m(O)(i) 1

_ (1) %
2m(9) ]
1+ me)d )

-._2_——‘ = —.—.——3 . = m(o) . = 0O = 0
®2 ©3 m) (V) [1 + 2O 2 3
i m(Cy d
(3)
xij(i) = xy Py Py (%)
(i) ;
Yk = Y P Py P )

where m(0) and m(C) are the masses of the oxygen and carbon atoms
regpectively. No such relationships exist for species such as cl2plégls

4C. P. Courtoy, Ann. de la Soc. Sci. de Bruxelles, 63 (March 27, 1959).
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TABLE 1

VIBRATIONAL CONSTANTS

Species 12,16 c13,16 c1216p18 - 13516418 (12,18
comrait © 2 2 2
® 1(cm‘l) 1354.91  1354.91 1316.08 1316.08 1277.25
® 9 673.00 653.83 667.83 648.53 662.66
® 3 2396.49  2328.22 2378.07 2309.364 2359.66
11 - 3.75 - 3.7 - 3.5 - 3.54 - 3.33
*22 - .63 - .64 - .62 - .63 - .6l
*33 -12.63 -11.85 -12.43 -11.66 -12.24
12 3.65 3.50 3.52 3.37 3.39
*13 -19.37 -18.89 -18.67 -18.20 -17.98
*23 -12.53 -11.75 -12.34 -11.56 -12.15
Y11 .13 .13 .13 .13 .13
Y222 .01 .01 .01 .01 .01
Y333 .015 .015 .015 .015 015
Y112 - .08 - .08 - .08 - .08 - .08
Y122 - .07 - .07 - .07 - .07 - .07
Y133 \ .07 .07 .07 .07 .07
13 .00 .00 .00 .00 .00
Y223 .00 .00 .00 .00 .00
Y233 .01 .01 .01 .01 .01
Y123 .02 .02 .02 .02 .02
822 775 .790 .770 .770 .780
2-3
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/
which have a different symmetry than that of the main species. How-
ever, vwhen the mass difference between isotopes is small, as is the
case for C0p, the constants for the asymmetric species can be de-
termined by interpolation between the main species and the ccrrespond-
ing symmetric isotopic species. For example, the constants for
clZ016918 can be obtained by interpolating linearly between c120}§
and c12038. 1t turns out that Eqs. (2), (3), (4) and (5) and linear
interpolation obtain good agreement with all the measurements which
COurtoya has made. Thus, this method can be used with confidence
to calculate the vibrational constants for isotopic species of (0,
for which no measurements exist.

In polyatomic molecules it may happen that two or more
vibrational levels corresponding to differe~t vibrational modes (or
combinations of m« des) may have nearly thc same ernergy and be of the
same symmetry type. This accidental degeneracy or Fermi resonance
perturbs the participating vibrational levels and produces states
which are mixtures of the initial states with energies different from
theé initial energies. This shift of the levels is greater when the
unperturbed energy levels are closer to each other.

For €0y, G(0,2,0;0) ~ G(1,0,0;0) and the corresponding levels
are of the same symmetry type. From this it is clear that a level
(v1,v2,v3;£) will be in Fermi resonance with the level (vi-1, vo+2,
V3;E). This means that for each set (v3;{) there are [v1+%(v2-£) + 1]
levels in resonance. The magnitude of the energy level shifts can
be calculated by first order perturbation theory. The diagongl elements
of the energy matrix are computed from Eq. (1). The final values of
the vibrational energy are the eigenvalues of the matrix whose off-
diagonal elements have been shown by Amat and Goldsmith3 to be

vl,vz,v3;£

Wyt gy 1.0 =
v1 ,v2 ,v3 1y

N =

2 ,2]% %
{"o' MR A AL )‘el] [“’2*” -4 ] Y1
LE vt = visly vyt om vaH2; ve ' e vgg 20 =, (6)

3l

= 0 otherwise

5G. Amat and M. Goldsmith, J. Chem. Phys. 23, 1171 (1955).
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COurtoy6’4 has determined the constants in Eq. (6) experimentally.
His results are given in Table 2. The Fermi constants for other
isotopic species can be determined by extrapolation and interpola-
tion cf the values given in Table 2. Fermi constants determined in
this way are given in Table 3 for four species which have relatively
significant abundances.—..

Of the twelve isotopic species of carbon dioxide, eight
occur in sufficient abundance to be considered in the present study.

These species and their relative abundances are: 0120;6 (1.00),

c13o;6 (1.12x10°%y, c'%01%!8 (4.0x1073), c*201%!7 (s.0x107%),
30198 (4.5x107%), c'30®!7 (8.9x10°%), clzo;8 (4.1x10°%), and

2017018 (1.6x107%).

. The most extensive previous calculations of the vibrational
energy levels of CO, have been made by Co gtoy.“»6 He has {gbf ated
the energies of 74 levels of species cl2g , 48 levels of C*?05° and

9 levels of both ¢12016018 and cl3016018," 1n the present study it is
necessary that the vibrational energies be known for all energy levels
up to the levels (12,0,0;0), (0,24,0;24) and (0,0,6;0), at least for
the main species 0120}6. This results in a total of over 1800 energy
levels. The calculation of these energies has been carried out using
an IBM 709 computer. Since it was convenient to do so all of these
levels were calculated for all eight isotopic species.

The calculation necessary to obtain these values consists
first in evaluating the unperturbed energies using Eq. (1) and the
off-diagonal matrix elements using Eq. (6), and finally diagonalizing
the resultant energy matrix. In the usual manner the energy matrix
is broken up into submatrices vhich are in turn diagonalized. This
last phase of the program is a formidable computation in itself for
it involves the diagonalization of the submatrices which inay be as
large as 13 x 13, For the calculations which have been carried out,
an eigenvalue routine written by Dr. George Baker of the Los Alamos
Scientific Laboratory was used. This method consists of first cal-
culating the first n matrix powers (using double precision arithmetic

®c. P. courtoy, Can. J. Phys. 35, 608 (1957).
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! TABLE 2

FERMI RESONANCE CONSTANTS

~Species ‘
~ 6120;’6 c130;6 12016418 1302618
Constant
wo(ém-l) 51.31 46.52 52.50 47.80
o 15 .10 10 09
M " .41 .37 .40 .36
Moo " .78 .14 .75 . .74
LY 0 0 0 0
TABLE 3
FERMI RESONANCE CONSTANTS
Species

~2 1216417 131617 c1g0; 1201718
Constant ™~
wO(cm'l) 51.91 47.66 53.69 53.09
Mo .13 ' .10 .05 .08
Mo 41 .37 .39 .40
A, " ' .77 .74 .72 SN 1A

1]

L% 0. 0 . 0 0

2-6
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in order to minimize round off difficulties) and their traces. Then
by means of Newton's identities, the traces are used to calculate
the coefficients of the characteristic polynomial. The roots of
this- characteristic polynomial are then obtained. The final tabula-
tion of the perturbed energy levels comprises the most extensive
known to date and is almost fifty times the size of Courtoy's.

The calculated vibrational energy levels agree to five
significent figures with the measurements of Courtoy.(‘:6 The results
including more than 1800 energy levels for each of the eight isotopic
species are tabulated in Appendix A.

2.2 INFRARED BANDS

In the {resent study the spectral region considered is from
500 to 10,000 cm”'. The lower limit is chosen so as to include the
15p COp band, but to exclude all the stronger lines of the purely
rotational Hy0 spectrum. Within this limitation only certain of the
vibrational transitions of CO; need be considered. The frequencies
of the fundamental vibrational modes of COy have values such that a
transition corresponding to a unit change in vy has approximately
the same energy as a change of 2 units in v; and a change of 4 units
in v5. This point is useful in cataloging the vibrational transitions
of CO0y, since any transition can be imagined as corresponding to some
integral multiple of A vy. Thus the transitions which are effective
in the spectral region of interest can be divided in 22 separate
groups, each group (with 2 exceptions) corresponding to a different
integral multiple of Avy. This is illustrated in Table 4.

In general the vibraticnal transitions active is the infrared
are dipole transitions determined by the selection rules,

. ——

1) At=0, v,-even, v3»odd
+ .
2) Ab=-1, J2-0dd, v,-even
for symmetric species such as C130;8 and
1) A£=0
2) AL=T%1
12.16,18
for asymmetric species such as C""0"0"". It is clear that there is a
2-7
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very large number of sets (Avl,Av Avsy) consistent with these
selection rules, especially for the higher frequency groups of
transitions. In the present study all of the sets for each of the
.22 groups were determined by programming the selection rules for
the IBM 709 computer.

The next phase of this study was a determination of all of
the pairs of levels and the corresponding transition frequencies
from the previously obtained energy tables for each of the sets
(Avy, Avy, Avi). With no further restriction there would obviously
be &n extremely large number of transitions. The intensity of a
glven transition is proportional to the population of the initial
state. In thermal equilibrium this population is proportional to the
Boltzmann factor, exp (-G/kT). 1In the present study only temperatures
of 300°K and lower are of interest. At these temperatures levels with
energies greater than or equal to that of the state (001,0) are
negligibly populated. Thus the only transitions included were those
with one of the following eight initial states: (000,0), (010,1),
(020,0), (020,2), (100,0), (030,1), (030,3) and {110,1). Even with
this limitation a large number of transitions remain. The number
of transitions in each group for symmetric and asymmetric molecular
specles are given in columns 6 and 7, respectively, of Table 4.

Attention should be called to transition groups 7, 9, 11,
13, 15, 17, 19 and 21. There is no mention of these transitions in
the literature._ Apparently they are too weak to have been observed
experimentally.7’8 However, they are allowed by the salection rules
and should be included in the spectrum. These transitions fall into
a regular progression behind groups 1 and 4 and as Herzberg3 points
out such progressions show a regular falling off in intensity. A
comparison of the measured intensities of the transitions of group 1
and those of group 4 would lead one to expect that the transitions
of groupe 7, 9, etc. have very low intensities. Thus they would be
difficult to observe. The actual intensities of these transitions
will be considered in section 2.4,

— S————

7J. N. Howard, D. E. Burch D. Williams; Sci. Rep. #1, AF 19(604) -516
The Ohio State University, Dec. 1954.

D. E. Burch, D. Gryvnak, D. Williams, Sci. Rep. #2, AF‘19(604)-2633,
The Ohio State University, Jan. 1961.

8
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2.3 STRUCTURE OF VIBRATIONAL BANDS; INDIVIDUAL LINES

For each vibrational energy state of a molecule there are a
number of rotational energy states. Thus a given vibrational transi-
tion can occur in combination with any one of a number of rotational
transitions. The rotational transitions form a line spectrum which
constitutes the structure of the vibrational band.

The rotational ehérgy of a linear molecule is given by

F,() = BJ(i+) M
where
3
B, = B, - Z &, (v, +%d,). (8)
- i=1

The quantum number j corresponds to the total angular momentum of the
molecule and in general j cakes on the values £, £+ 1, £+ 2 .....
However, for a molecule such as COy j can only take on the values

0,2,4 ... when £ = 0. This result arises in the following way. For
a molecule in the symmetry class corresponding tc the symmetric species
of CO, the rotational levels are alternatively symmetric and anti-
symmetric.3 The ratio of the statistical weights of the antisymmetric
and symmetric states is given by (s/(s+1)),9 where 8 is the spin of the
two identical nuclei in the molecule. Since-the spin of 016 and ol

are zero the statistisal weight of the a Eisymmetric rotational levels
of the molecules C 20%6 13016 and cl2 OI vanish. Thus only every

other rotational lewvel occurs for these molecules. However, when the
quantum number £ > 0, each rotational level is doubly degenerate; the
pair of states corresponds to the values + £ and - £ for the component
of angular momentum about the symmetry axis. Thus the absence of
alternative levels does not manifest itself and j can take on all
values = £, It should be noted at %hige is no such alternation

for asymmetric molecules such as For such species the
quantum number j =2, £+ 1, £ + 2 ... for all values of £.

9L. I. Schiff, Quantum Mechanics, McGraw-Hill, New York (1949).
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Equation (7) does not include second and higher order terms
in the rotational energy. These terms are negligible for CO, because
the coefficient of the second order term (D, jz(j+1)2)has been found to
be < 5 x 10-7 B,. 10 Thys even for j ~ 100 which is the maximum value
considered in the present study the first order term dominates. Higher
rotational states do not have to be considered since the populations
are too small in thermal equilibrium for spectral lines arising from
these states to lie in the intensity range considered here. Values of
the rotationa. constants Bp, Oy have been determined by Benedict, et 3110
from the experimental measurements and are listed in Table 5. For the
other isotopic species the relations

g (1)

e = B, (p 0203)2/3 . ’ 9)

-

(1) 3

@5

) (10)

= Otjl(oj

can be used, where the p, are defined in Eqs. (2) and (3).

]

TABLE 5
o~ 12 16
ROTATIONAL CONSTANTS FOR C 02
Be Qa 1 a, a4
.3925 .00058 - .00045 .00307

An individual spectral line in a vibration-rotation spectrum
can be completely described by as few as three parameters. These are
the frequency, intensity, and a line shape parameter. In the simplest
description, this latter parameter is taken to be the same for all the
lines of a given molecule. Thus, each line requires only two descrip-
tive parameters.

lOw. S. Benedict, R. Herman, §. Silverman, J. Chem. Phys. 19, 1325 (1951).
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1

The frequency of a given spectral line is simply proportional

to the difference between the total energy (in the present case vibra-

tional plus rotational energy) of the initial and finel states of the
corresponding transition. The line strength or intensity pffameter is
usually taken to be integrated intensity, which is given by

3
v',2',§' _ 8= v,E' T N helG(v, £) + Fy(j)
Sv,2,1 3he. “v,2,j Qr "““’(‘ L T }) :
A (11)
' 2 hc(l)v J
. |Hzf.;j' 8(j,2) ! 1 - exp (-——vl'l,ri— s

) ) ]
uhere,U): 3j2’£ is the wavenumber of the line, N is the number of

molecules per unit volume, Q is the partition function, p is the
pressure, and s(;,l) is the square of the pure rotational matrix
element given by

) 2,2
11’-“-3.)-;&—2 ., Aj=+l, AL=0,
) = 5 24+1) £ 2 Aj=0, AL=0 12
.(j’ ) j(j+1) ] j ’ ] ( )
2,2
\ 1—3— , Aj=-1, A£=0,

V-

113. S. Penner and A, Thomson, Tech. Rep. No. 25, Contract No.

Nonr-220(03), NR 015401, Guggenheim Jet Prop. Center, Calif.
Inst. Tech.
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and

(1ot +
( WBEDUTE) Ay, agetr,

2(J+ 1)
-!- -
s(p,0) = ( ABLIMEDQEBD | ajeo, azety, (13)

| LB | ayag, aratl

Equations (12) and (13) imply the well-known rotational selection rules
governing the quantum number j, i.e. Aj = 0, - 1.

. 2
In Eq. (11) the amplitude Mz 3j‘£ £ can be written as
' v >y
V.,j.,l' vl’ll
£ where R are the pure vibrationel matrix
v, 3, £ v, £
v'i,i ¢

elements of a non-rotating oscillator and f are correction

v, 3, £
factors which account for the interaction of vibration and rotation.

‘For diatomic molecules at high temperatures it is known that this

interaction may be significant. 12,13 However, the theory of poly-
atomic molacules is not sufficiently developed to permit a quantita-
tive description of fV ’jlfz It has been found that neglecting this
i, 2
vyl
disagreement with experiment for T= 300 K.

interactioa (i.e. assuming £V = 1) usually does not cause serious

A useful parameter here is the band strength defined by

v Z vt 8 — v et N [ heG(v,2) |
V3 l 3he v, £ Qp P kT I'
i3

v g2 heF_(4)
kz’kg | }: 8(J,2) exp[- zr ] ,
3! ‘ ’

-

(14)

123, Hermsn and R. F. Wallis, J. Chem. Phys. 23, 675 (1955).
13

V. R. Stull and C: N. Plass, J. Opt. Soc. Amer. 50, 1279 (1960).
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which, 1f there were no overlapping of lines in the band,'wzgld be

equal to the total band absorption. The mean frequency MR T
v, £
defined by

[ ] hcF (J) a ' ' f " hcF (j)
o’ £ z 8(j,4) exp[--‘——-——v : 1- \L oV 1£'53 exp l- A4

|

v, £ kT | v,2,] kT
33! 33!
(15)
) ‘z- jl
.. hC(Dv I
v',8',j' _ . vyt i
. fv,z,j 8(j,2) 1 - exp ( kT )
Since at infrared frequencies and ordinary temperatures
) ) [ ) [
hwﬂiz,j ‘ ' mwzkﬂ
1 - exp -_._VLﬁ.L.,—- = 1 - exp --——Efr—; -2 1.
and since fv"zl’j' = 1, then
v,t,]
v'.p' ju - -
) ) [l L] w y : ! hCF (j) !
VAT 20 RN AN AN JY 7% v
Sv’z,j cv’z an,zu expi- kT J'(jl‘e)’ (16)
v, 2 e
vwhere v'oa
v', 8 « v, £ ’
C = (17)
v 4 T 8(j,8) exp| PeFy()
iy h kT

and the denominator in this expression may be recognized as the
rotational partition function QR'
] L]
From Eq. (17) and (14) it follows that smplitude Cz 2‘
]
(i.e. the vibrational intensity) for any vibrational transition &nd
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any temperature may be related to that of another transition at another
temperature, so that

Gy e O (g D) [heG(vr, %) heS(v,e)
v, £ R “vk, 2% o’ N(T_)Q(D P KT kT ’
(18)
l V' ’ V*' z*l 2 )
wher;'lR is the ratio R ‘ ok, z* . Thus if

C y (T) is known for any one of the vibrational transitions included

in one of the 22 groups described previously and if the ratios Ip are
known for the group then the intensity of any individual line at any
temperature may be calculated from Eqs. (18) and (16). It is to be
noted that Eq. (18) equally well expresses the relationship between
vibrational transitions belonging to different groups. However, it is
only within a single group that the ratio IR can be readily determined.
The method used to determine the relative intensity ratio IR will be
discussed in section 2.4.

For COy, in calculations using Eq. (18) it may be agsumed
that N(T) ~ (p/T) and that the partition function is given by3

- -

4 hcB
kT 1,1 e

lhcne *3*1 T

, T BCH
Qr = Y {1 - exp(- o
i=1 J

(19)

2
+__A_‘hCBe . 1 th
315 kT 315 kT

1 exp|- CGOO >

where w9 are ..e frequencies of the three fundamental vibrational
modes. This expression neglects the interaction of vibration and
rotation and assumes B, ~ B,. These assumptions are quite valid for
T < 300°K. These simpltfications are implied by the suppression of
subscripts and superscripts on Q in all of the above expressions.

4.4 RELATIVE INTENSITY OF VIBRATIONAL BANDS

The quantum mechanical expressions fof the matrix elements
] zl
R: 2 for polyatomic molecules such as CO, have never been calculated.
s .
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Thus, vibrational intensities must be obtained semi-empirically.
Ideally, high resolution experimental data would give the intensity of
each individual vibrational transition, However, only a small amount
of such data is available. Yamamoto and Sasamoril% summarize the
measurements of Kostkowsky, Kaplan, Madden and Eggersl5»16s17:18 on
the transitions in group 1 (15.0 4 region). This data includes most
of the significant transitions and 18 quoted in terms of relative
intensities in Table 6. Since only a sparse amount of such data is
known to exist for the other groups of transitions 9 the relative
intensities must be determined by a semi-qualitative method. If a pair
of the transition groups is compared, it is found that there is a one-
to-one correspondence between the transitions in each group (if those
transitions are taken together which are in Ferm. resonance with each
other). Thus one would expect that the variation in intensity from
transition to transition in one group would be approximately the same
as for the corresponding transitions in another group. If it is
assumed that this is the case then the relative intensities for the
transitions in all of the groups can be derived from those of group 1
which are given in .Table 6.

When Fermi resonance occurs this method gives only the total
intensity of each resonating group. In addition the distribution of
intensity over the member transitions must be determined. Courtoy
has calculated the matrix elements for a number of resonating groups
in his treatment of the effect of Fermi resonance on the rotational
constants. For parallel transitions (AZ = Q) the relative intensities
are directly proportional to these matrix elements. Thus Courtoy's
results give the intensities directly. For the perpendicular transi-
tions (AZ =% 1) it is known that most of the intensity is concentrated

14G. Yamamoto and T. Sasamori, Sci. Rep. Tohuku Univ., Geophysics
Series 5, 10, 37 (July 1958).

131, D. Kaplan and D. F. Eggers, Jr., J. Chem. Phys. 25, 876 (1956).

16H. J. Kostkowsky, Contract No. 248(0l) Johns Hopkins Univ. (1955).

17H. J. Kostkowsky and L. D. Kaplan, J. Chem. Phys. 26, 1252 (1957).

::R. P. Madden, Contract No. 248(01) Johns Hopkins Univ. (1957).

S. S. Penner, "Quantitative Molecular Spectroscopy and Gas Emis-
sivities", Addison-Wesley (1959), p. 310.
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TABLE 6

RELATIVE INTENSITIES OF 15 002 BANDS

I v' l'l/|0101

Transition ROOO 0
000,0 - 010,1 : 1.000
010,1 - 020,2 .906
010,1 — 020,0 .539
010,1 - 100,0 .711
020,0 - 030,1 2.520
020,0 - 110,1 8
020,2 - 030,1 . 18
020,2 - 030,3 1.177
020,2 - 110,1 .194
100,0 - 110,1* .080
100,0 —» 030,1 .016
030,1 - 040,0% 015
030,1 - 040,2% .005
030,1 - 120,0 .695
030,1 - 120,2 .024
030,1 - 200,0% 2.800
030,3 -040,2 .150
030,3 — 040,4% 1.050
030,3 - 120,2 .209
110,1 - 120,0* 511
110,1 - 120,2% .024
110,1 - 200,0* 2.000
110,1 - 040,0%* .011
110,1 - 040,2%* .005

'rhe relative intensities of these transitions were not given by
Yamamoto and Sasamoril? but were determined on the basis of the
distribution of intensity within Fermi resonance groups which is
discussed in section 2.4,

2-18



in the highest frequency member of a set of resonating transitions.20’21
Taylor, Benedict and Strongzo‘give estimates of the relative intensities
of the members of particular resonating pairs and triplets. From these
and Courtoy's calculations, which go as far as quintet groups, it has
been possible to make estimates of the distribution of intensity in
resonating groups up to order 13 by graphical extrapolation. These
results are given in Tables 7 and 8. For example, if it is assumed

that all sextets contain the same distribution of intensities, then all
the necessary relative intensities can be determined. This method was
used in the present calculations except for group 6 (4.3 1) where
according to Benedict?l it is known that the "cross-over transitions"
(e.g. 020,0 ~>101,0) vre orders of magnitude less intense than the
corresponding "noncross-over transitions" (e.g. 020,0 —021,0). The
factor which was used in the present calculation is 10-4.

Finally, the intensities for the transitions of each isotopic
species must be multiplied by the relative abundance of the species.
There are new transitions for the asymmetric isotopic species which do
not occur in the symmetric isotopes. All of these transitions are very
weak, because the replacement of olé by 018, for example, introduces
only a slight mass asymmetry. The weighting factor which was used for
these transitions was 10-5. 21

The above method has been used in the present study to determine
all of the relative intensities of the transitions in each of the transi-
tion groups. This calculation was programmed for the 709 IBM computer and the
extensive results have been tabulated, but are not included in this report.

When the reluative intensities are known, there remains only
one unknown parameter for each group as is seen from Eq. (18). This
parameter or normalization constant is determined by comparing the
calculated values of the total absorption for the transitions in a
given group at particular values of pressure and €Oy amount with measured
valves of the same quantity. Details of this method are given in
section 3.2. However, measurements are not available for «ll1 22 transi-
tion groups of interest. In fact, as previously mentioned, the absorp-
tion is too weak to have been detected for some of the groups. For these
groups the following qualitative method is used to determine the
intensities. An examination of the groups shows that they fall into

20J. H. Taylor, W. S. Benedict, and J. Strong, J. Chem. Phys. 20,

1884 (1952).

ZIW. S. Benedict, private communication (May 1962).
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harmonic sequences. For example the primary transitions of groups 1,
4, 7, 9, 11, 13, 15, 17, 19, 21 fall into a simple harmonic series.
Similarly the primary transitions of groups 6, 8, 10, 12, 14, 16, 18,
20, 22 fall into another harmonic sequence. As indicated by Herzberg3
there 18 a regular falling-off of intensity in such a sequence which
is expected to be nearly the same for different sequences of the same
molecule. Thus the following ratios for the constants C given by

Eq. (18) are obtained when Fermi resonance is taken into account:

C1:04+Cs:3c7:409:561;:\ 13 15

::06:208:3C10:4012:5014:6C16:7C

6C,.:7C,.:8C.,:9C,,:10C

17 19 21

18°8C509C;5»

where the subscript indicates the group to which the constants Cj
belong. Measurements of the total absorption have been made for groups
1,2,3,4,5,6,8,10,12,14.7'8 These results and the above relationship
are used to determine the normalization constant for all 22 groups of
transitions.
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SECTION 3

CALCULATION OF TRANSMISSION TABLES

3.1 TINTRODUCTION

In section 2.3 the equations are given for the calculation
of the frequencies and intensities of all the vibration-rotation lines
of carbon dioxide. Thus the transmission at any frequency v can be
calculated from the exact expression

L N
T(v) = exp | - f w(x) X 5, ()b (v,x)dx |, (20)
o i=1

where w(x) is the mass of CO, per unit area per unit distance at the
point x, Sj(x) is the 1ntens{ty of ith line given by Eq. (16), and
bj(v,x) is the line shape factor normalized so that

:m v
j by (v,x)dv = 1.
o]

The summation in Eq. (20) is over the N lines which contribute to the
absorption at v . However extensive transmission calculations based
on Eq. (20) are beyond the practical limits of even the fastest digital
computers. o

In the first place the intensity S;(x) is a function of the
gas temperature along the path and the line shape factor by(v,x) is
a function of both the temperature and the pressure. For example,
the Lorentz pressure broadened line shape, which has been found to be
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an adequate description of the vibration-rotation lines of many gases
in the pressure range, .0l - 1.0 atmospheres, is given by22

& (x)
b (1,%) = by, - V,x) = - (21)
i i n [ (v-vp? e (aoen?

where the half-width of the line

([, . 7
a(x) = @ (T) ( r ) o (22)
; .

where Clo, Py and To are some particular set of values for the half-

width, pressure, and temperature.

The available experimental evidence indicates that the best
line shape for CO, is the Benedict modification of the simple Lorentz
line shape. A study of the absorption by an isolated spectral line
showed that the intensity in the wings of the line decreased more
rapidly than predicted by the Lorentz expression. The available data
is described by the following empirical expression proposed by Benedict:

(84 pat
b(v) = e vy l= 4,
(v- Vi) + Q
(23)
. _ . (b
= A/ e al v S L N
2 i

2
(v- Vi) +

22A.C.G. Mitchell and M.W. Zemansky, "Resonance Radiation and Excited

Atoms', the McMillan Co., New York (1934).

The quantity p in this expression is the cffective broadening pressure.
It is different from the total pressure because the C0; molecules

themselves are more effective-in broadening than the foreign gas mole-
cules in collisions with CO2 molecules. Thus p = total pressure + 0.3
partial pressure of C03. The derivation of this relationship is given

by Burch.8 1In the present report, the symbol p and word pressure mean
this effective broadening pressure.
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where a = 0.0675, b = 0.7, d = 2.5 em \. The value of A is chosen to
make the two forms continuous at |v - V i| =d= 2.5 cml,

In order to determine the effect of the Benedict modification
of the Lorentz line shape the transmission calculations were made with
both line shapes. The results given in Appendices C, E, F and G were
calculated with the Benedict modification of the Lorentz line shape.
For purposes of comparison the results for the Lorentz line shape at
one temperature and pressure are reproduced in Appendix D. A compari=
son of this table with the corresponding table in Appendix C indicates
that the Benedict shape gives substantially less absorption in the
window regions for the larger amounts of CO0j.

Only homogeneous paths along which the pressure and tempera-
ture are constant are considered in this report. In this case Eq. (20)
reduces to i

! N |
) N .
T(v) = exp ‘-u > Si b(v - vi)L s (24)

'! i=1 J

{

where
L
u = [ w(x)dx = wL.
‘0

Even with this simplification, transmission calculations using Eq. (24)
are impractical. Not only does a single evaluation of T(v ) involve

a summation over thousands of spectral lines but in a practical cal-
culation this evaluation has to be made a very large number of times.
In order to describe adequately the transmission over a frequency range,
T(v) must be calcvlated trom Eq. (23) at frequencies which differ

from each other by much less than the half-width <. 1In the present
study the frequency range of interest is 500 to 10,000 em™Ll and

& ,(300°K) = .06 em~l at p = 1 atmosphere for 002.23 Thus more than

a million evaluations ef Eq. (24) would be required for a given
temperature, pressure and amount of gas. In addition a vseful calcu-
lation must cover a range of temperatures, pressures, and amounts of
gas which in general amount to several hundred different sets of these
three quantities.

23L. D. Kaplan and D. F. Eggers, J. Chem. Phys. 25, 876 (1956).
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Thus it is necessary to use a model in order to calculate
the transmission. Such a model must be capable of evaluating the
trarsmission at intervals large compared to the half-width and yet
adzquately describe its frequency dependence. The quasi-random model
has been derived which fulfills this requirement.

Basic to the quasi-random model 1is the separatior of the
spectral lines into groups by the division of the spcctrum inco finite
frequency intervals and the subs:quent calculation of the effect of
the 1ines within each interval separately. C(learly as this frequency
interval is made smaller, the spectral lines are localized more closely
around their actual positions. The main features of the quasi-random
model are: (1) the use of small intervals to localize the position
of the strong specitral lines; (2) the averaging of results for at
least two diffevent sets of intervals shifted with respect to each
other in order to minimize the effects of lines which occur just
inside or outside of a given interval; (3) the use of transmission
equations which are valid for the actual number of spectral lines
in the interyal rather than the equations which are valid in the limit
of an infinite number of lines; (4) the use of equations for the trans-
mission of a spectral line over a finite interval rather than an
infinite interval as is often used; (5) the absorption by the wings
of spectral lines in adjacent intervals is taken into account; (6) the
simulation of the intensity distribution by grouping the lines in a
given frequency interval into subgroups defined by certain ranges of
intensity. A more detailed descrir .ion of the quasi-random model is
glven in SSD-TDR-62-127 - Volume II.

3.2 CALCULATION OF NORMALIZATION CONSTANTS

For the problem of normalization (section 2.4), the quantity
to be calculated is the integrated transmission over a large spectral
region corresponding to that ccvered by the vibrational bands in one
of the groups listed in Table 4. For this purpose it is not necessary
to employ the shifted intervals described in section 3.1 because the
details of the spectral structure are not required. Thus the normal-
ization was actually accomplished using a single set of intervals.

The other features of the quasi-random model listed as 3 through 6
in section 3.1 were used in the normalization calculation.

The normalization calculation proceeded as follows. Measure-
ments of the integrated transmission were availa?lg only for transi-
tion groups 1, 2, 3, 4, 5, 6, 8, 10, 12, and 14.,'? For each of these




groups the frequencies and intensities of the spectral lines of all
of the vibrational bands in the group were calculated. The intensi-
ties were calculated for a range of yalues of the normalization
constant which was taken to be CV »¢ (300°K), the vibrational intensity
of the primary transition. Using’?the model described in the previous
paragraph the transmission was calculated for a number of sets of
values of pressure and amount of C0, for each assumed value of

] 1
Cz 82 (300°K). The integrated transmission was calculated in each

] ] -
case using Simpson's wule.. The correct value of CZ ;Z (300°K) was
’

determined by fitting the calculated results to the measured integrated
transmissions for the corresponding pressures and amounts of gas by

the method of least squares. This procedure was carried out for each
of the 10 groups for which meisurements were available. The resulting

1) ]
values of CZ ;2 (300°K) were well defined. For the other 12 groups,

for which measurements were nct available, the method described in
section 2.4 was used to obtain the normalization constant. The results
for all 22 groups are listed in Tzble 9.

3.3 CALCULATION OF SPECTRAL TRANSMISSION

The final calculations of the spectral transmission of COj
can be divided into two parts. The first part began with the calcu-
lation of the intensities of all the spectral lines for all of the
isotopes, using the data in Table 9 and Eqs. (18) and (16). As each
line was generated it was retained only if its relative intensity was
greater than 10-8 of the intensity of the strongest line in the transi-
tion group being considered. Thus the calculation of the rctational
lines of a given vibrational band were terminated with that value of
the quantum number j for which the intensity becomes less than 10-8
the intensity of the strongest line. The strongest line in each of
the 22 groups had been previously determined.

When a particular line was retained it was grouped according
to its frequency into the appropriate frequency interval. The width
of these intervals was chosen as 5 cm™l for CO5. With this interval
size and the shifting of the interval described later, the final
transmission was obtained with as fine a structure as the resolving
power of typical infrared instruments. An interval any smaller than
5 ecm~l would not be of sufficient practical value to justify the
considerable extension of the calculations. As is explained in the
detailed description of the quasi-random model in SSD-TDR-62-127
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TABLE 9

NORMALIZATION OONSTANTS

(] )
Transition Group No. CZ (’)'e (300°K)
1 6.9 x 1071
2 2.0 x 10°2
3 5.0 x 102
4 6.3 x 1072
5 6.4 x 10-%
6 9.8
7 7.0 x 10-7
8 2.6 x 1074
9 7.0 x i0-10
10 3.9 x 10-3
11 7.0 x 10713
12 6.8 x 1072
13 7.0 x 10°16
14 1.7 x 1074
15 7.0 x 10-19
16 3.6 x 10°7
17 7.0 x 10°22
18 1.2 x 10-8
19 7.0 x 1025
20 5.0 x 10710
21 7.0 x 10-28
22 2.0 x 1011




-- Volume II, the lines within each frequency interval were further
grouped according to their intensities. Each of these successive
groups includes lines with intensities within an order of magnitude
of each other. For the purposes of the quasi-random model each group
is described by two parameters. These are the number of lines in
each group, n, and

(25)

Furthermore, it has been found that only the five largest intensity
groups need be retained for a given frequency interval, since any
Iine with intensity outside this range contributes negligibly to

the absorption. Accordingly, the first part of the transmission
calculation generated 5 sets of the parameters E¢ o» and n for 5 cm-1
intervals from 500 to 10,000 cm~!

Concerning the displaced meshes, it has been found that
one such set of intervals shifted by half the interval size
(2.5 em-! for C0y) is sufficient to calculate the average trans-
mission on the basis of the quasi-random model (see SSD-TDR-62-127
-- Volume II). Thus sets of ¢ , and n were generated for 5 cm”
intervals between 502.5 and 10,002.5 cm~! as well as for a mesh
displaced by 2.5 cm~l. This calculation was performed for the
temperatures 300°K, 250°K and 200°K, yielding six tables of &, and
n (Appendix B).

At a given temperature the pair of tables, shifted and
unshifted, of € , and n are sufficient to calculate the complete
infrared transmissjion for any pressure and amount of C0;. These
tables contain all of .the data required by the quasi-random model
and no further recourse to the actual spectral lines is necessary.

The final part of the calculation was the determination
of the spectral transmission by the quasi-random model using these
values of £ , and n. At the temperatures 300°K, 250°K and 200°K
this calculation was carried out for 7 predsures (1.00, 0.50, 0.20,
0.10, 0.05, 0.02, 0.0l atmospheres) and for each pressure for 15
different amounts of CO, (10000, 5000, 2000, 1000, 500, 200, 100,
50, 20, 10, 5, 2, 1, .5, .2 atm cm). These amounts do not cor-
respond to the number of atm cm at the temperature considered;
but are normalized to standard temperature, 273°K. Thus they are
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obtained by multiplying the amount at temperature T by (273/T). When
these normalized units are used, the variation of the transmission with
temperature of a particular sample of gas can be obtained directly

from values listed in the tables for the same value of u at each -
temperature. The calculation produced the transmission every 2.5 cm
over the entire frequency range of interest. The complete tables of
these results are given in Appendix C.

Finally the transmissions given in the tables of Appendix C
were integrated over three larger frequency intervals (20, 50 and
100 cm'l) to produce an average transmission which corresponds with
the results of measurements made with instruments having spectral
resolutions of these three amounts. This illustrates how the previous
results can be averaged over any larger spectral interval. These
results are given in Appendix E, F and G.

3.4 USE OF APPENDICES

The seven appendices which follow this section represent the
resulcs of the present calculation.

Appendix A lists the vibrational energy levels in wave
numbers of carbon dioxide for eight isotopic species. The levels of
each isotopic species are labeled by vy, £, v3, and vy - the latter
quantum Rumber (v3) is indicated implicitly while the former are
presented explicitly. The sets of energy levels (from left to right)
following a particular vy,£, vj designation correspond to specific
“values of vy, viz., vy = g, 2+ 2, ¢ +4, ... All levels whouse
energies are less than or equal to the (vi,va,v3; 1) levels (12,0,0;0),
(0,24,0;24) and (0,0,6;0) are given. (See section 2.1 for a detailed
explanation.) The ordering of the (vl,ﬁ,V3) entries is based on
letting v; go through its entire range (subject to the above maximum
energy limitations) for each value of £ and v3. These combinations
of £ and vy in turn are generated by letting first / and then v run
through thelr ranges in ascending order. To find, for example, the
(v1,v3,V3;£) level corresponding to (1,4,3;2) one begins by locating
the levels of v3 = 3 in the third column. Next the £ = 2 group are
_Jocated from these vj entrfes and then the vj = 1 row or rows are
found. Finally the vy = 4 energy level will correspond to the second
energy level from the left (since these levels, as has already been
mentioned, correspond to vp = £, £+ 2, L+ 4, ...).

Appendix B contains the coefficients £, and n, (see Eq. (25)),
for the top five intensity groups as a function of frequency. If

3-8
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intensities more than eight orders of magnitude below the strongest
gcoup had been needed to provide five groups, one or more of the five
groups are listed as identically equal to zero. A particular fre-
quency entry which is in the first column corresponds to the center
of an interval extending 2.5 em”l in both directions. The second,
fourth, sixth, eighth, and tenth columns give the parameter £ , which
is proportional to the average intensity for the lines in each
intensity decade. The third, fifth, seventh, ninth, and eleventh
columns give n, the number of lines in the intensity decade. Thus,
subsequent transmission calculations are based upon those frequencies
lying midway between meeh points implied by the coefficient tables.
Two sets of coefficients are included for each temperature and
correspond to two meshes displaced 2.5 cm~l from each other For
identification purposes the meshes beginning at 505.0_ cm” 1 have been
labeled "unshifted" while those starting at 507.5 cm’1 have been
labeled "shifted'". Again, note that the entries correspond to the
frequencies at the center of two mesh points (e.g. the entries at
505.0 were calculated from the spectral lines lying between 502.5 and
507.5 cm'l, etc.)

Appendix C lists, as a function of frequency and path_
thickness (u in atmosphere centimeters) for three temperatures at
seven different pressures, the transmission calculated on the basis
of the quasi-random model using the Benedict line shape.

Appendix D is included for comparison purposes. It presents
the transmissions as in Appendix C at 300°K and 1 atmosphere pressure
only. The tabulated transmissions were calculated on the basis of the
Lorentz line shape rather than the Benedict modification which is used
exclusively in Appendices C and E.

Appendices E, F and G list the transmissions averaged over
20, 50 and 100 eml at intervals of 19, 25 and 50 cm™ ! respectively
for all the temperatures and pressures of Appendix C.

In Figs. 3-1 to 3-3 portions of the calculated CO; spectrum
are compared with the experimental results of Burch, Gryvnak and
williams® for nearly equivalent pressures and gas amounts.
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APPENDIX A

THE VIBRATIONAL ENERGY LEVELS FOR THE EIGHT

MAJOR ISOTOPIC SPECIES OF CARBON DIOXIDE



[E—————— v;a,xpm

ss 4 X . ] ‘ .

t it |

(XX [ " 1) [ ] " ] ]

Pl WoR R LI

88 s T T B T A TR 1) [ I Y B T B ]

P tWow oMo WoR ko |

88 tate [T R TTT R TYY B TT T . sat sa8 46 48 ¢ ¢ Mos s

JLINE NN NN 5. Mok won ol

L l:;;ﬂ :;;;;l S48 ;;;;l s ;;;l ;l P } 88588 3886 SaLs 88 £68 28 &8 &8 & 88 85 8¢ s 1]
VI R 5.!!5! e Bri WM RED O BARIE
s s : T s ;‘ T
5!1 113 H £ R HE i

v
b

VIBRATIONAL ENERGY LEVELS OF C’0"0"

(RN RN [ ses [N (¥ s
fiite EEER I TS R | B
" T T T
Hid R EES T I I N
« 0 iesswm x‘sa;a xxsux :c- :x llll ; s
PoEd PEIRL THIGD Tig M@0l P
[T T I T B N YT ] ;x ;: ¢
PE B pehE i B
. e : ; woas wow s
K LR R RRE
s8381ss 2488 S84 u¢ u l 5
HiHAH EE:E

“!!lE!l'l!l1!!1!llﬁ’i;i:tli‘¥g!=r

s8 LI s 3 s ]
THE SLENEL I L O
481 4 81 % &3 11" E1 3 L}
...... TLIRT L T
""" s v ossome s w
B OTH I WMo
13 s 4 s8i8 8888 s848 L]
iuh LHE PR Wn oW oW
8588848388 (i1 4 4 S2888 & L3315 3 sss88 lllll s4448 s
i!ﬂﬂ%&”ﬁ’ﬁ PRI LU R B OO

§88288 T 433824 & S88488 $88885 S2E588 C848L 8

TR A M

—l"nuuu.uuuu:uuuuuuununluuuu

it

i




VIBRATIONAL ENERGY LEVELS OF C’0“0"”

o i

NERER i °
BB 5
A i

il i

42 sssrts 3

R

k] 134 L3 ‘:: 5
A

i
i

1114
l;I;

1M B LeTRM ;
senve
ssree
esson
—nry
v

i

e B
Fry
PRI

3342443200822252334323220048

LI ) lllf 464 1858 51 te 4 L
1 AR FIE S RN 1 T B B

“rre -
PRI
et

it 1 s
b
] £ 1] !!I " 1" L] %
P g &
" ] ] Ifll lle :l: 13 5
Bl BEOWOHE o B
485 88 1z & 2 L5838 ess8 LT S I | ,‘
uxe uy L] 143113 z E H
MHRLE i i d i

sLaRgs L
i? rxgyzy

488 188 st ll st
2 Y ICF 3¢ 13 1
WHELA
SEEERAASERACENNNNNNTNANLEARILESEL2S

eI b

£8888 S8380 s88888 88288 L8488

£8888 58528 3885 688 S88 88

SEASLEERSETESATIALRARZTEZLT

g HH N THE IR HE
T

[N ] L L]

b

. “ o
S _ Hi gL
IR NTTI s [ [TU TR
I ¥ i I

sesscat ¢ 1848

‘ E s & 84t 1) 1} lflt

ye_—

l #4888 243 SRE8S 8L & Bisut
r

paE MR

43838388 ¢ shasl
BLEENN § Y
i H i

4 s888s  saass

il

Terem m LI e L

S8888 343838348

38
iR

18 ss8888
£y

fii

S:;:::Sl:l:lllllltl.lll:lg
LR B

SEE8T884383 (231

B R U A E

e

Bl Hi

nNneneoenus

tillil!éli!l!!iilii



NP

Lare o
Lataie =

[RYWE
1oview =
[ETSRREN
atsen =
tanmen o

L1} £ 4 4 13 L H

I B g1 i

(113 ;;‘ ;l ;l ] s ;;l ;l ;l 1 1]

WoW R nd - B I B

58488 £888 s8i (1] as 13 ] L] 1848 1Y a4 1 " s 4

oo ow g 81 il HBONOoR K1

;-l;‘l l;l;l ;l&l l;lt —lll ;;l -ll ;l t s ‘l-‘ll ll-ll ;;;l ;;l ;;l ;l “ s

R R R R g Bd
s83488 rne 8448 8238 £48 483 88 £2 & l‘ll#i ltl-ll lllll llll f182 ;—:l ;ll ;I -ll

!t; r %;:iig ;f“ iﬁg H! ;xr H

[T,
Laereee
Linese -
Lerier

tteaaer o

(RPN

s
¥
4
15848 [T B
!; I
#1e

K382 221 23R 12 182328 ‘lllll 28282 (2282 3848 $48% 388 325 58 &8
£33

X% 33F 3xx 33

Lo e

lll‘&lltllllllllll‘ltllltlllllllll [+
2z, by &
pEHIH

VIBRATIONAL ENERGY LEVELS OF C’0"0"

283248182 1 FIN 3 B B O | LI B S I ) E E] 48 8 12 113 1 3
FEisRc: i iz 1 = 1 ' 3 ¥
EREEEE I S RS I A 1 H it LI S S
X 2 2 4 22 H 3 28 3 i L] ]
8 i FE I 11 3 rx it § H
3 iR L FI B -
) 128 E13 A
bit o i
éz A 3
ES 14 2822 148 883 1}
253 £
5‘5:‘ t’l_ gl g
ar R sits 3
5 i e

A28288 FEYETYS .-l.ll L2g222 288888 248838 28833 ¢

il

SE43408C8328380888282282888280888288

i H TR




NI |

[T I ®
il bW W NN i

G g WM m B ERRl mERAAt I

S8 S6668 & S8CHE & 83848 SLLEE 46885 4885 $388 a8 88 68468 2648 as68 s8¢ A58 82 ¢4 & & 156

88 & ¢ " 88 8 3 $
HER (R BE B IR R MR L MM REEN BEELL

87 44558 § S4R000 T C04868 SALLLE £44388 SS558 AL968 €868 S828 £8¢8 £8¢ AF A8 £ ¢ S2LTR2 LLE8S KLARS ALEL £383 &A% L4868 48 S ¢ $888 848 888 88 85 8 8 [T

e g e s R B E T

TEACEAATASEEUERITARSIAISHI08484080800043
EETEE Ky prs gE
H3

cosnanas

T

s 88 1] '

213 H i

158 N

[ " " $
1 1] ¥

i HEE B

4 1] L s 8 ass " s48 £ 13 4 L] s
P Hl BB s B
“ow oo fr s o s s e owow
gt i WG @ om gl

582 888 8858 %8 3 &8 & 4382 & 28488

AaERE He

S 0 S0888 3 4 88888 3 5 28848 § SLLEL 8 SSM8E 46848 S808C S8SC 8485 S48 S48 48 88 3 &
EERE [HH RS L R 1 3
AL RN RE Y

i i

088 $888 U80S S84 L83 &6 85 ¢ 3 TETI3Ls 8828
IR HIE I EHE IR R
MBI R HE

< sss888 4 888858 S8T 158888 TSL R8588E T 2

i A g

SIETES88000838323208
H :rtilulu 2 “ X

VIBRATIONAL ENERGY LEVELS OF "o’

TIITORINSCRSIRLLEL222R2E0E
STIEiSTIsiiise. giiissiisss

TR

roses =
2t e b

—ova o 1vesie
foere

S8363 & 8 st22 88 & & a143

IR

s & t348 4 4848 s ss88 888 888 e

VT T

i i
8583 & SR888 SETEL & AEREE 243 & SESELT 82 & 3088E 3 6 G4CES £ 5 S886S5 8 Lises & $8448 88888 c8481 S86s ¢
i IR O O
8388 sisids S85888 LE38T8088 si882 834260 L6488 2E38T84 L8485 L2T25 SBE442 SETEL L4888 28D LS486E 284 C28638 3 $88888 ¢ ;ll‘;l ;;;;;l ;;;;;l ;;;;l ;

I EEE IR HO0 EE T ST AR ST T L LT S O R AT 0 O O O A

Jas Je2us Glaloagde 223333 a2l IOt Sddd
T %w%wwmuwwmmmmmmm”

TERIEETERIEpEET
HARTHHE I
LN O O pOr)
TRNYNERENEES

2 i 4
$35382222233833438

SETECET & SREEE  TETIDLS 4 sass

i i




P

-

avrem ®
oarese
-

I : gl
i | i |
i B WM ?! Bl

S8885 & S£840 4 CEASE A38KS 88885 Sass 888

!...33! | i ,mzf iy

488 64 s

!%% 3@' ! i

2R H
L

S88848 Z4844 58388 1833 S48 248 238 84 38 % 8
II}!] 1! !! z’ l! 5!!" 5!!! w l!".'
3133 fead ayle apgf 1) ¢

g

lilllillllll.l:llllll:lollllIl:lllll(Slllllllllllll

!!Hi!ﬂ’g;h;’;5“;![!“'isl!lgﬁlg§

" A $3444448 M3243020 AAS2A3522244242042203234434 3 13 1 EMH;H;H!‘;H

ssesssszs 3518888888888 ss

R N R i

L 858 §8 a2 s 881 s 48 LR L L] L

SRR N S E SN R I 1 R I

2 81142 48 13 41382 1} 482 [1} 8 L] s

EITUNRIEE IR L IS o koot
L] 143 3
igom i

s
)

£32228 "a2gl B2L828 545 S88228 T 824888 T 238882 088248 S88388 88882 s2888

VIBRATIONAL ENERGY LEVELS OF C“C*0O"

i S
3 :l: :: l: H
if BBk

i W

8 1488 1868 8888 188

Wi

__H R lﬂl{ ]

- 1IN K LINMEN B LATIE B L7ENese B

s1e288
1344
!§§§ !

'"M m

'll

{4
Hbll

S T

RTTTRIRL2DIEL.
S8235358853038555388

Hitt




VIBRATIONAL ENERGY LEVELS OF C’0*0"

NI A 0 |

IR I i ®
RN N R EEEN REEN |

N ES EEEE iy '

lll llllll llll-l s8888 83183 llll 1888 838 883
!

NGBS

s4888 cuEsl sase st (ll 4 s 8 268 38 84 & &

MEEEmEBYNID BURID

G ii il mmmEE i

4665 838 858 88 88 I I 4

s 4 8
immmﬂ* i

S38888 G888 $8888 4848 RL4S 885 885 88 48

Jﬁﬁ!ﬁﬁW§HN%

l 1 1344
T L !

T

il

Lt % L]
i P
Py 1} 1 [ s s
i I I
L] L] ] 1 888 118 288 (23 ] e $
P T I
TEE TR A A N R R R Y
i 5“' {i LI % et 3 AT s & 3% Lo Raen r; 3 i “; Eg !5 g !
88 886 383 &8 Gt e v -1 s . . . ;;;;l ;I;;l ;lll ;;;‘ ;;l ;Il 8 48 & 3
R AT O R e @

8888 LasRES 53388 S882¢ Llads llll 5888 855 848 II 113
S i S R
3 £33 2

x;lg i flath 33 l! ,§§ £ 3 § 1
S8R48488L3880888830828888845%

GHEHLE IR

A838 8i3s 2381 288 s

s8sse3888888%8

BErprepIERE
(1513 [
t!iﬁﬁh i1

288 s 48828 3 3 O N s s s 1§ ]
U Hit Hodoq
dreiiw ettt Ciisu ca tw ow w4 s
i i Hi MO RO
8588 2 ; ; E11] :l- ; ; ; ;;l ; ; ; ; l;l 3 1§ ;;l 1] ;;! ({11 ;ll ;l ;
i g i SIEIN NN
44 ‘e oo ;l; 1] ; 2848 248 8 5 288t ; l llll l ;;ll ll;l ;lll ;;l ;
' il N z i
SE58383 £ S885L  ZETETEL £ SGLES  Z4BE2 & GSM48 38248 & S8883 . '
wwuhﬁmgﬁxmmu”%mw_ i |

wuﬁmwwmwn

S8E S44688 TESATET K8K88% D828344 L8421

113 i;!"! !Pll" 2y

Illlllll:l=l$lllllll‘:l:l:llllllll-l

B mf

sul:uuuuun.l 8888838

iR L

Xt




e . A

-
»

¢

L] [
P !
1} [} 488 1] ] ‘.‘ ] ]
o E Hoil
1} [T ] l:l 1] l:l l}l :H
HOIE OTEOW O

& 8 8888 I 4848 4 tsa8 2888 2544

PIE PR UG Wi

LB 1
Bo# |

e 48 45 z

!E!I".‘;‘ l;ll
W E RN hil

ﬁm%mﬁﬁﬁﬁ; il i %ﬁ%mﬁmu MEitl
Sl; ll;ll: H %lllll S 883688 siLssss 86 i ¥ "é% égi :ii ;i i% ; g g

1888 3 Y I ) £ 84814 s 84 441 [N ] s 3 1 [

R EEE R EE A AN O S A 71 TR L T A

l;;;;l lll;l ;;;;l ;l;l I;Il l;‘ l;l ;l ;l [ 3 1
o SEST NN RUNIEE BEREY NENEY SN DL N N A
:ol H [ ;;;;;;l ‘ll;;l l;llll :::;l s 5 888 § 812 l;;l ;;l ;l\ ;l 11 H 4
Li | SESE RIS BREEY N BANEE B B N AN O
é l! 48 43 3 5 :5: H : 188 é i s 8482 3 13 : ll:l 4 8 2888 : 4 l:f: L] l:l: v -- ;;;l ;;l a8 1] " [ ] :
giiiil B L i G il
3 888 488 888 38 88 4 & H s 8 8848123 llllll 1] lllll S8888 assts 8888 8658 844 838 88 s 3
1111 i s F e
IH

:l:! s888 S581 148 l:: :t :: L] : X 4543 8 S88888 S35 £38888 T 558888 3 88882 ll:l:l lllll: llll: 18888 844 l:ll 488 588 88 ¢4 8 &
< HHR R fil !zﬁis IR R R T R

, I !
uuucuuuuu
H 182

Ly n
1lesier o

32235033283 5184K

..................................

VIIRATION

IENTER
o
NI NN

igg § é ggé% § g § %:fl S8 Illl s 8 llll £ 8 sass s llll l s488 i§§§ igii gii
“”mmﬂ@ﬁmmﬁﬁﬁﬁ

i ¢ A e i

S8808800468886400608888¢84888

L

S4S8082 & L 5888 24543 £ 4 s

M%x”ﬂm

Slﬂl?lill s sisis Slilﬂll l lllll
I B

---------- ;;;;;l 24282 ;;;IOI SS8588 SRL4R8 TETET L88888 Si3s4 ll

i :fs;mﬁ i T e A S __: il i i

24348 4

R R Y L L. T

2 "E'ZZEE 33:333! it

LEEER R R I Pt HH!H! it ’ i FEI 1] R R R T TR R IR T HEREE HRRE RO

A-9



Sevene
Liee e e -
oo

i i o

#ovoWomonnr IR !
ﬂhﬁiﬁ%ﬂiﬁ”ﬂi I LR
______ ﬂiﬂﬂﬂiﬁﬁﬁﬂ“i MR BREIL

1882 8848 ll: 482 64 48 4 8 180600 08448 ss802 l::l IA:‘ 288 482 l: 585
R R B LR R R R S B
S88888888380880888 l--l"""lllllllltllllll!llllllllllllllllllllllllllltlllllllllllllllll(llllllllllllll‘l‘lll‘l‘lllllll

!!!H!ﬁ_!li R BT L ] !HE!H?"""l!’!l“'lm! ;"!Hi'i;!iﬂ"“iiiﬁifii5?5}55i5%i2“!i!i!'55§I§§5!i115=!§§i15_§

44235323 Ap32A332

481 4 4 42 s 8 8 1]

SLENEPIENE  N E

&4t s 4 1 st 31 l;l ;l (1] s 1]
o LIRS L IS I A A
-:lol 1 1 [T 12 eus 4 818 ; ;;l ;ll ;;l (19
KR SHBNIEHEREINE B W
g:l ;; " 1] : ; 1 :;:t 1t M:; : l:;l ; :lll ;l;l é:;f :;: ;
g b B ER PN i Hit s
w
"lll 848 812 8¢ ¢ & 3 S lflll * ‘ 480 % 35844 2 REBEZ  SafrI S3Z8% 8828 " s .
s W EEEL PERM EOR DI LU N i
w

N
E

5 :::; ll:: ;ll 248 :: :l % A3 S4L888 SETES 85888 -‘.l- 81882 :: l:l‘ll b N l:lll: H ll:l:l :
S L R NEERE g

z SOSEES0LEEEN0RNLNLEEERRENMUSNELSRETATRTETEELSRERITRTETITIELLEL SSELLALRERTETAZTA RO AN ANNNARRATLBILRNT CRASSATAREARETAIAINRIZSIILRASLEELELEELEL0LARSREEALREL00E4EESN

2 i e G s e R R

FEIE RIEY I1R
ir:‘ 1!3* isi gg§ 3l

e .

STy R I TI I
' [13 48t 0 ;l ;;l .l;l 13 ;l 1} 1]
HH AT LT N B
148 L ' i ;;l ; ;;l ; l;l l;l ;;l ;I ;
TR BTN NN
28585 £ & 848 l ll;l L6 1 MM ;;;l ; ;;;l : ;;;l ;;;l/ ;;;I ;;l :
i i 1 i TR B
SE98363 ¢ 238488 1 ;lll;l ;IK 1 00 : ;;;;I ;;;;;l 1 l‘l;l » - ;;;S ;
i i i

SEIISEL ZEIAER ATET 443838 ZaAZM4 288488 ¢ 488482 1 8 88 S8888% 853888 8838 3

R 5!2%-’._ ik et 1] ] 15!"‘ i S EERGHN L §

l li 1 !i'!l! !!

Ilb

¥y
i

z! !




APPENDIX B

THE COEFFICIENTS go AND' n FOR THE .

TOP FIVE INTENSITY DECADES
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COEFACIENTS &, AND n FOR CARBON DIOXIDE
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APPENDIX C

CARBON DIOXIDE TRANSMISSIONS BASED ON

THE BENEDICT LINE SHAPE
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